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RAPID ELECTRON BEAM ACCELERATORS
(REBA-TRONS)

I. Introduction

Ultra-high current accelerators are rapidly becoming an active area

1,2 The development of these devices is mainly motivated by

1,3,4

of research.
a variety of potential applications that are extended over several
areas, including environment, food processing, radiation sources, x-ray
radiography and national defense.

Among the various accelerating schemes that have the potential to
produce ultra-high power electron beams, induction acceleratorsl’2
appear to be the most promising. Induction accelerators are inherently
low impedance devices and thus are ideally suited to drive high current
beams. The acceleration process is based on the inductive electric
field produced by a time varying magnetic field.

Quite naturally, induction accelerators are divided into li.nears-13

14-19 devices. In linear devices the accelerating field is

and cyclic
localized in the gap, while in their cyclic counterparts the electric
field is continuous along the orbit of the accelerated particles. Both
cyclic and linear devices require the same total magnetic flux change to
achieve a given energy increment. However, in linear accelerators the
total change of flux occurs in one transit time, typically in less than
100 nsec, while 1in cyclic accelerators the same change occurs over
several thousand revolutions in a typical time of one msec.

As a consequence of the slow acceleration, the accelerated beam
must be confined by the focusing magnetic field over long periods of
time and thus field errors, instabilities and radiation losses impose

limitations on the c¢yclic accelerators. These 1limitations can be

substantially relaxed if the acceleration could occur rapidly as 1in

Manuscript approved February 7, 1985.




linear accelerators. Therefore, a device that combines the rapid

acceleration of 1linear accelerators and the compact size of cyclic

accelerators 1s highly desirable. In this paper, we propose such a
hybrid scheme that combines most of the advantages of linear and cyclic '
accelerators. This device has been named REBA-TRON (Rapid Electron Beam
Accelerator). The rebatron 1is similar to the racetrack induction
accelerator.20 !

A rebatron 1is shown schematically in Fig. 1. The high gradient
localized field that is responsible for the rapid acceleration is
produced by convoluted parallel transmission lines, although, other
transmission lines may be more appropriate in an actual system. Since
the acceleration occurs over a few usec, the constraints imposed on the
vertical field are very stringent. In an actual device the vertical

field is generated by two coaxial, cylindrical plates that carry current

in the opposite direction. The axes of these lines coincide with the i

major axis of the toroidal vessel and they are located symmetrically
around the minor axis of the torus. These transmission lines change
h mainly the local, vertical magnetic field, while the magnetic flux
through the beam orbit remains approximately constant. The mismatch

between the beam energy and the vertical field is alleviated by a strong

R

’ focusing field. This field is generated by a set of ¢ = 2 torsatron
rb -

windings, 1i.e., two twisted wires that carry current in the same

.

direction. 1In addition to the transverse components of the field, the

v
. PSR L
@
1

]l
g torsatron windings provide a zero order toroidal magnetic field. The !
! g
b purpose of the resistive chamber wall 1is to facilitate the beam )
b . '
:" trapping21 in the applied magnetic fileld. Beam capture in the reba-
) trons 1s very difficult, because the strong focusing field makes the |
,': - particle orbit insensitive to the energy mismatch and thus small changes .
- 9 :
=
d {




in the betatron (vertical) magnetic field are not sufficient to move the
beam from the injection position near the wall to the minor axis of the
torus.

The superior confining properties of twisted quadruple fields have

been recognized for several years.22

Recently, it has been reported19
that the =2 Stellarator configuration has an energy bandwidth of
~50%.

In this report, we are presenting results from our studies of the
beam dynamics in a rebatron accelerator when the magnetic fields are not
a function of time. 1In addition, the local vertical magnetic field has
been replaced by a betatron maénetic field. OQur results indicate that
both the bandwidth and the maximum electron current that can be confined

by a rebatron are very high. Results with the local, fast varying

vertical field will be reported in a forthcoming publication.

II. The Applied Fields
a. Magnetic Fields

In the 1local cyclindrical coordinate system eo, e, es shown 1in

Fig. 2, the magnetic field components of the £ = 2 torsatron are given

by

_ o) L (1), (D)
B)=B, +B. +B ", (1a)

B, = 8,2 + 5.0+ 5D (1b)
a 1 (o) | (1), (1),
Bs 1 + (p /ro) cos 4 B s T Bs+ + Bs- s (1lc)
3
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components in the numerical integration of the orbit equations. It has
been determined that the first two non zero terms in the expansion are
sufficient to describe the field in the region o/a < 0.5 with an
accuracy better than 95%.

In the analytical work described in Section IV, the toroidal
corrections have been neglected as well as all the terms with
m » 2, Furthermore, it has been assumed that A<<{l. Under these

simplifications the torsatron magnetic field becomes

-

ex
BD = ZBS stI2 (x) sin [2(# - as)], (9)
48
= S r - 1
Bb ~ EtIZ (x) cos '2(d = as)! , (10)
ex
Bs = BO-ZBS etlz(x) cos [2(6 = as)], (11)
ex -
where Bs € = Bo X, Kz (xo) .

For x << 1, Egs. (9), (10) and (11) become

B stx
B =~ —— gsin [2(é-ns)], (12)
o 2
B:xetx
B, = —5— cos [2(4=as)], (13)
B, = B . (14)

In addition to the torsatron field, the rebatron accelerator
includes a betatron or vertical magnetic field and a toroidal

field, B:x, that 1s produced by a set of toroidal coils. The two

g
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i
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components of the betatron field are described by the 1linearized

equations
B, =B [1-n x/ro], (15)
B, = -8B, ny/ro, (16)

where Bzo is the betatron field at the reference orbit, i.e., at
x =y =0 and n 1s the external field index.

The toroidal field produced by a set of toroidal <coils 1is
independent of toroidal angle and therefore varies as 1/r. This
toroidal field can be chosen to have either the same or opposite r

polarity to the torsatron toroidal field.

b. The Electric Field in the Gap |
Consider two cylinders with their axes lying along the same line
and separated by a distance d as shown in Fig. 4a. Since the cylinder
on the left is charged to - Vo, and the cylinder to the right is charged _

to + V, the average electric field in the gap is <E)> = 2 V /d . The

local electric field is given by the solution of Laplace equation, 1i.e.,

VZ =0 . For 's' > d/2 , the exact components of the electric field L

are:

- Aylel
A sinh(\ d/2)J (A p0) e 'n
E = - o ) n 9 Lt (17) r
] d =l XnaJl(Xna) ’

3 4V = sinh () _d/2)J,() o) e‘*n|s|
@ E = - —2 o ¢ a Lo (18) l'
- 0 “Ts[ d o 2,8t (A 2)
L 8
t.
. |
-
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Similarly, for |s| < d/2 , the two components of the electric field

are:
4v ® J (X o)e—xnd/zcosh (x_s)
- Y S VA o n n 1
ES = /2 ax J (X a) ) (19)
n=] nl' n
and
4V J. () o)e_)‘nd/zsinh (A_s)
E == 2 ? 1 L A (A ) o H (20)
o n=]1 naJl na

where Jo(xna) = 0, a is the radius of the cylinders and Jo and J1 are
the Bessel functions.

The electric field lines that correspond to the field components
given by Eqs. (17) to (20) are plotted in Fig. 4b. These electric
fields are a good representation of the fields produced inside the torus
by a transmission line, since in this region the inductive magnetic

field is zero and therefore the potential is described by Vz@ =0 .

III. Numerical Results

To investigate the confining properties of the torsatron magnetic
field, we have integrated the relativistic equations of motion using
Eqs. (1) to (7) for the torsatron magnetic field and Eqs. (15) and (16)
for the betatron field. The accelerating gap is 2 cm wide and as shown
in Fig. 5, the electric field is limited to a 0.60 radian wide toroidal
sector. For reasons that are discussed later on, the self fields have
been omitted in these runs.

In the first run, the current in the torsatron windings is chosen

9

L
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to be zero. Figure 6a shows the normalized particle energy (y) as a
function of time and Fig. 6b the projection of the particle orbit in the
transverse plane. The various parameters for this run are listed in
Table I1. Since €, is zero, the magnetic field configuration is that of
the modified betatron. As a consequence of the curvature drift, the
gyrating particle drifts out of the system in about 26 nsec, i.e., in
about a revolution around the major axis. As expected, the guilding
center of the particle moves mainly in the vertical direction, while the
particle gyrates around its guiding <center with a frequency
corresponding to the local toroidal field.

Figures 7a and 7b show the normalized energy of the particle and
its orbit when approximately -124.7 kA of current flows through the
torsatron windings. The rest of the parameters for this run are listed
in Table III. The particle remains confined for eight revolutions.
Figures 8a and 8b show similar results when the current in the windings
is increased to approximately -250 KkA. The corresponding torsatron
field strength factor e is -0.8. The remainder of the parameters are
listed in Table IV. 1In all three runs the betatron magnetic field was
held constant at 118 G. These results clearly demonstrate that the
confining properties of the system are substantially improved by the
addition of the torsatron field. The particle strikes the chamber wall
when its gamma approaches approximately 65. The total time the particle
remains in the system 1is about 320 nsec, i.e., more than an order of
magnitude longer than when the torsatron field is absent.

Further improvement in the particle confinement is observed when
the period of the windings is reduced or the current in the windings

increased. An additional modest improvement in the confinement of the

10

r s YT T Y Cait i and aeiCEEN A At AP AU A I A

e, It

1
1

WLl L




A Y W R W N C v g T ey ey v DAt i ad Sl B el Sadh a0l et Al il it it Madh el Guil e ]

if system 1s observed when the betatron field is increased above its
matching value. This is shown in Fig. 9. The betatron field for this

F run is 236 G and the remainder of the parameters are identical to those

‘]
4
!

. in Fig. 8. The confinement time increased by 20 nsec, i.e., from 320 to

340 nsec. However, when the betatron field increased to 472 G the

confinement time was reduced to 290 nsec.

o al

IV. Theoretical Model

-4

To gain a better understanding of the focusing properties of the =‘1

torsatron fields, we have developed a theoretical model that is based on ]
linear external fields. Obviously, these fields are appropriate only

near the minor axis of the torus, i.e., when 2ap << 1. i?

The components of the torsatron field in the coordinate system

» €45 € shown in Fig. 2 are -4

ex
= - = f 9 - Q]
Brt Bocos¢ Bé sind Bs €. zcosZaro + (r ro) sin Zaro . (21)
= = ex r - - 91
th Bosin¢ + B® cosh BS £, 0 (r ro)c052ar09 z sin2rxro . (22)
Bag = = B» (23)
where - r 9 =35 . g
In addition, the betatron magnetic field is given by ¥
n(r-ro)
= r - —_— 1
sz Bzo L r ’ (24)
r ’
"
E; 11
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and i

B =~ nB__ z/ro, (25)

where n is the external field index. The total field components are

B =B _+B (26)

Bz = th + sz’ (27)
By = B = BT (20 r

where Bsex indicates any additional toroidal field that may be applied.

Andoa

The accelerating electric field components are approximated by

(r-r ) . 2 r
. 0 (_mc 0
Er 2r Y e 2 Y (29)
v
q §
E = —2 (_me? o) (30) |
z  2r Y e 2 ' ‘
v
8 [
)
mc L o
E, = peanh (31) 1

where Y = dy/dt , vy = dZY/dt2 and v, is the toroidal velocity, which is

9
e
P .- assumed constant.

. 4
:. Using Eqs. (26) to (31) for the fields, the equations of motion in I

the laboratory frame become ;

;. R +:2R+——w—°ul‘lfkcos t- Zsinw t ) - (;——i—zil Z2(t), (32)
= "R 2 Y v 2y Y ’

12




frame rotating with angular frequency ww/Z . Using the transformation

i 2 moww 14 3 (. i Qq
- W - 3 =
zZ + w, Z 2 Z coswwt + Rsinmwt + 'R 7 R ” 0o, (33)
where
1 1
R = Y/Z(r-ro), Z = Y/ZZ s
0 = eBe/mc , R eBzo/mc .
w, = ":x ft/Y s wo = 2av, ,
2 y v v n
xz(t) = Y/Z A2 220
c c cy
o
. ) , v,0 v,2
,n2=1/a(_Y_.)2_1/2r_Y_.\+_1_( c_\ . zo o ,
R Y Y Y 2 Y r 2
2vq o) r
o
and -
.. (L] .. 2 v Q n :-
u,2=1/4r_Y_\2_1/2rY\+ Y (S ), _A2zo j
z Y Y Y 2VZ Yr, :
9 "
8
Equations (32) and (33) become more tractable when transformed to a B

- wwt - mwt N

R=R cos ' 3 1+ Z sin f——-z——\, (34) g

~ wwt - mwt g

Z=-Rgin ' Y+ Z cos 5 Y, (35) .

1

equations (32) and (33) become i

g

S R
. 3
. 13 :
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N nw W W ) )
R + rw?- szcosw t + o¥ _ (-2 \2 + (—2) 2 TR +
w 2 2 2 Y
9] . . 0 w t
fg = i yZ + (—X SE &uzsinm t) Z = )\Zcos (—ZL—) , (36)
w Y 2y Y W 2
~ 2 2 Yo % % 12 Yo o_e ~
Z+ 0wl + 80°cos o t - - Vo () — 17 -
! w 2 2 2 Y
Q . . ] w t
( - A YR - r_Y 8oyl YR = 2 (—¥ _ ]
w, - R 5y + fw sinmwt R A"sin 5 s (37) )
4
where '
. . - V2 . v 2
AR VG A LR VA A5 25 UL A L ) VA B | SO, R
Y 2 2 Y 2
2vq 2r 2r
o o

and
vy n 0 v
Ml2 - ( z0  _ A )
r Y 2nr
X o o
Since at the start of the acceleration Imomw/Z |>> '&uz' and
- 0
. ‘a
D (v/2v) |( » )l > ISwZ, , the two coupled equations (36) and (37) can

be combined into a single equation by introducing the complex variable

% =R+ 17 .Multiplying Eq. (37) by i and adding it to Eq. (36), it

- where

s

». is obtained

"‘v.

[‘_ ::‘ .

P T+ £+ £ - if V- )\Zeimwtlz (38) 3

[~ 1 3" 2 ’ J

c %

' 1
R

<

3 -

= :
“~ B

t" 14 :

o g
o q




l"
d
b f1 @ 2 M) Y 2y vy ° f2 “ Y and K
. i
m w W J
2 By = !
.
.-
h . Equations (36) and (37) have been solved numerically. After integration '
- ]

the orbit is transferred back to the laboratory frame. The results are
- shown in Fig. 10. The projection of the orbit in the r,z plane is shown ]
F in Fig. 10a, the particle radial distance from the minor axis as a l
function of time is shown in Fig. 10b and vy as a function of time in ,
Fig. 10c. The various parameters for this run are identical to those
listed in Table IV. The particle strikes the wall at about 325 nsec, i

when its gamma is approximately 68. These results are in good agreement

with those of Fig. 8 that have been obtained using the more accurate .
expressions for the torsatron fields. As will be discussed later, the i
particle was lost because at Y = 65 it entered the unstable region that

extends from v = 65 to vy = 121 . l
4
When vy =0 » the homogeneous part of Eq. (38) becomes }
~ 2. ~ 2 9.~
b+ [2f, + £5] v+ [£] - £5) b =0, (39) H

i.e., a fourth order equation with constant coefficients. The solutions

of Eq. (39) are of the type 1 = ?';o etut , where w? , 1s given by

2 ex 1
0 9 a 0 Q /
2 3 12 9 9 a2, 22 2,2
s ’l/4rmw -_Y—\ * 42 5y f(ww Ty Vs “w®t ( :‘9 o
Y
15
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when [w?| << [u o /2] .

The particle orbits are stable when « 1is real, i.e., when

2
u(y) = ('O‘q - = Et QS > 0. (41)

The two roots of (40) are given by

The function u(y) is plotted in Fig. 11 for three values of B, and

ex ex e
B, - In Fig. lla B, 6kG, B = 5KG and thus B, (Bs

X
+ BO) 1KG.

For this value of toroidal magnetic field and for €, = 0.4 and
mw/Z = 3x109 sec-l, Eq. (42) gives 19.96 and -8.2 for the two roots of
Eq. (41). Therefore, at Yy = 7 the particle orbit should be unstable.
Results from the numerical integration of nonlinear orbit equations for
Y=0,and v =7 and using the same values for the rest of the
parameters as in Fig lla are shown in Fig. 12. As expected, the orbit
is indeed unstable and the particle is lost in less than one nsec.

By reversing the direction of the current in the torsatron wires
Bo and €, change sign and the two roots of Eq. (41) become 50.5 and
78.7. Therefore, for vy = 7 the orbit is stable. This is in agreement
with the results from the numerical integration of nonlinear orbit
equations shown in Fig. 13.

When Yy <1 , the orbits are stable for all values of ¥y . For

16
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Bsex = 6KG , Bo = 5KG and €, = -0.4 the two roots of Eq. (41) are

-50.5 and -78.7. For this case the orbits were found stable for all the

values of v considered.

The numerical and theoretical results are {n excellent agreement
when the linearized theoretical model is valid. However, when Bsex and
Bo have opposite signs and |Bsex' > IBOI » the toroidal field vanishes
at some radial distance and the field 1lines form magnetic cusps. 1In

this case the linear theory does not properly describe the fields and

the predictions of the theory are not in agreement with the numerical

results.
When
2 2 % 2 2’
r - — —_ 1
n u)w /((l)w ) ( 2 ) K1 s
Y
Equation (40) gives
u’2
(v /2)2 M+ 9 1 (slow mode)
w (w - Qq/Y)(O /v) ’
w G
2 _
wt =
R
- + - w — - +« (fast mode)
4 Y2 w oY A(mw QQ/Y)(QQ/Y)
17
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In the laboratory frame the slow mode Q+ becomes

2
w W wo
0_+ = m+ - —2 = 09 oq . (“3)
4(1 - ) (=)
w Y
w

The particular solution of Eq. (38) in the rotating frame,

for Yy =0 and w® 2 small, is ¥V a2 R+ iZ

L P P P
where
2
423 (w_ = 9 [y + n [/2) w_ t
~ W A [e]
R = cos( ) (44)
P 2 -2
w (]
o w
and
N 4X2(ww - QQ/Y - w°/2) mwt
Z = sin ( ) . (45)
2 2 » 2
o w

Transforming back to the 1laboratory frame using the transformation
-in t/2
py=¥e ¥ » we find that the particle orbit is displaced along the

horizontal axis by

2
Ar = —1‘2%72— (1 - "’.q/wa) . (46)
W
o]

Figure 14 shows the projection of the particle orbit in the
tranverse plane for
9 -1
y =11, S = -0.4 B, = 1IKG , 0, = 6 x 10° sec °, r, = 100cm,

BzO = 118 G and v, = c. For these parameters Eq. (43) gives a slow

18
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period L 21r/°+ = 62 nsec. For the same parameters the code gives
T, = 60nsec.
In addition, Eq. (46) gives a displacement Ar = 1.74 cm , which is
identical to the orbit displacement of Fig. l4.
Let's now return to discuss briefly the results of Fig. 10. For

the parameters of the run, Eq. (42) gives = 121 and yY_ = 65 . When

Y+
the vy of the particle reaches 65 i.e., at about 300 nsec, it becomes
unstable and strikes the wall in one revolution.

In addition, at t=0 the ratio Qq/me = 6.67 and according to Eq.
(46) the orbit displacement 1is negative. As Y 1increases QH/me is
reduced and when Oﬂ/yww < 1 the orbit dispacement becomes positive. At

Y = 46.6 , Qq/me = 1 and Ar = 0 . According to Fig. 10b this occurs

at t = 210 nsec , which corresponds to vy = 47 (see Fig. 10c).

V. Self Fields

An accurate self consistent determination of self fields of a high
current electron ring confined in a rebatron is difficult, because the
minor cross section of the ring has, in general, a complex shape that
varies along the toroidal direction.

Since we are interested in the macroscopic motion of the ring and
therefore on the self fields that act on the ring centroid, we assume
that the ring has a circular cross section and its particle density is
uniform. Neglecting toroidal corrections, the fields at the center of
the beam, which 1s located at the distance (r - ro) and z from the

minor axis arela’26
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2
r (r - 1)
Es a - 2ﬂle| nr b 2 (47)
r oo a2 r
2
rb z
E" = -ZW,eI nr —E- ;—— , (48)
a o
r2
B_ = 2nle|n AT -2 = (49)
o000 2 r ’
a o
and
2
r (r -r)
S b o .
Bz = ZwIe'noﬂoro 2 = , (50) R
a o R
j
where n, is the particle density, Ty the beam radius and a the minor i

radius ~f the perfectly conducting torus.
When Y = 0, n:=9§and the beam energy is matched to the vertical

field, the equation describing the beam centroid motion in the tranverse

R e

rotating plane is given by

- * . imwt/Z

b+ £ Y+ f a0 - Af b = 2T , (51)

where f, and f. have been defined under Eq. (38) and

2 3

p ~2 Ya .2 Y QG . %
fl (.l)" - ( 2 ) + 2 Y_ Iy (52) .
where ! 2 “% . 1
- a .
2 - - =2 (22, (53) ]
2r 2y A
2 2 |

and mb a 47e no/m .
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The solution of Eq. (51) when \Ya01s T=7 Eoi e ,
i
where ) . 2
2 _1 a2 ‘9 ~2
wy = Afmw - ;—9 +(— + wy)
4y
2 2 2
Q 0 W, W /.
8 q - 2
£ (o - =2 (v 0?00 ()
Y 42 L 4
Y
The orbits are stable provided
ol .
+ 0" >0 , (55)
2 L
4y
and
rA 2 mw 2 w 912 mi ’ufl
o, (2) *'l--—2 ; - >0 . (56)
Equation (56) can be written as
1o w w 0 w
I S R T B w27, 8 _ Y2 2,
u—u)L+2u)L(2)(Y 2)"‘(2) (Y 2) 0, 20 , (57)
and its roots are given by
o "
I+ '8 W
—_— e = [(— = — + 1.
OWE) (Y ) o (58)

0 W
A
When '(;—'- —g)' > Imol , the two roots of 1inequality (57) are both
either positive or negative depending upon the sign of
o 0

‘q
(;— - —g) and wy e The results are summarized in Table V.

For +¥>>1, Eq. (58) becomes

a

,.)2,+ - (ww/2)2, (59)

F3
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i.e. the orbits are always stable provided inequality (55) is satisfied.
The maximum amount of space charge that can be confined by a

rebatron can be determined from Eq. (55). When

S AR o e AEERE .. aa a s MRS s

2
2,.2 “b . b2
03/21:o « (—3-)(3—) ,
2y
Eq. (55) gilves
v Qezaz
.Y__< — - (60)
8c

For a = 10 cm, B,= 10 KG, v = 7, Eq. (60) gives v = 3,000 or I ~ 50 MA.

-~

When the current of the beam 1is large, w? <<0. However, as

~

Y increases m? approaches 1t asymptotic value Ui/ng e Similarly, the

-

two roots mi+ approach their asymptotic value given by Eq. (59).

Qq W,
Figure 15 shows the stability diagram at t = 0, when f;— - —EW <0

ring becomes unstable. A similar situation would occurs when m? becomes

and wg < 0. For this case the stability condition !
2 y

W 9 w n_w R O .

- ¥ 2Ly ow "2 __A_ g
is 2 ( » 2) + > w, > . 5 i
Y «

2,,.2 ~2 D

During acceleration vy increases and therefore both -Qe/4Y and w, move B
. g

to the right of the diagram. Therefore, 1t may be argued that -
~ .
before wi crosses the vertical axis, -Qg /4Y2 catches up with it and the -
L a 3

-~

’

i3 AN

2
equal to W, However, we have shown that when the system is stable at

;’ t = 0 it will remain stable for any y that exceeds the initial v . -
- 22 2
b =
C .
= R
o \
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VI. Conclusions

We have carried out an extensive numerical and analytical
investigation of the beam dynamics in a rebatron accelerator. Although
the analytical work is based on simple, linear approximations for the
various fields, the two approaches give very similar results when these
approximations are valid.

Our studies indicate that when self field effects can be ignored,
the particle normalized energy can be increased from v = 7 to vy = 70, at
constant betatron field, before confinement is lost. This implies that
the device has a bandwidth that approaches 1000%. This bandwidth can be
further increased by increasing the current in the torsatron wires.

Even in the absence of the space charge, there is a range of
parameters [see Eq. (42)] for which the rebatron is unstable. However,
this orbit instability can be easily avoided by a judicious choice of
the various parameters.

As far as orbit stability is concerned, the maximum electron beam
current that can be confined in a rebatron accelerator is given by Eq.
(60) and is impressively high. Therefore, it 1is expected that the
limiting beam current in a rebatron would be determined from collective
instabilities and not from the macroscopic stability of beam orbits.

Although the bandwidth of rebatron accelerators is very high, the
maximum energy that can be obtained by these devices, with time
independent magnetic fields, is rather limited. To achieve very high
energies (y » 1000) the betatron magnetic field should be replaced by a
local vertical magnetic field that wvaries rapidly with time and
approximately in synchronism with the beam energy. Such a fast vertical

field can be generated by two coaxial, cylindrical lines that carry
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current in the opposite direction. The axes of these lines coincide

with the major axis of the toroidal vessel and they are located b

symmetrically around the minor axis of the torus. These transmission
lines change mainly the 1local vertical magnetic field, while the
magnetic flux through the beam orbit remains approximately constant.
The mismatch between the beam energy and the vertical field 1is
alleviated by the strong focusing field. The effect of the rapidly
varying vertical magnetic field on the beam dynamics will be reported in

a forthcoming publication.
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Table 1

Parameters relevant to the torsatron fields shown in Fig. 3. Only two

terms retained in the series of Egs. (1) to (3). _Ff

Torus major radius r (cm) = 100
3
o
—
Windings minor radius ° (cm) = 12 !?
<
Toroidal chamber minor radius a (cm) = 10 k
- 4
-~
-1 i
a= 2n/L (cm ) = 0.1 B
Field Strength Factor e = 0.2 -.!
,};';
Winding Current I(kA) = 62.37 s
o
R
] = 2 .
)
ex t-;!
Additional Toroidal Field Bs (kG) = - 6 S
-
} -
.o
a
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Table II

Parameters of the run shown in Fig. 6

Torus Major Radius r (cm) = 100
Winding Minor Radius % (cm) = 12
Toroidal Chamber Minor Radius a(cm) = 10
o= 20/L (cm 1) = 0.1
Field Strength Factor . = 0
Winding Current I (kA) = 0
2 = 2
Additional Toroidal Field B (kG) = -6
Betatron Field B Q)] = 118
Ext. Field Index n = 0.5
Initial Y = 7.0
Initial Positions p=4d=3 = 0
E Initial Velocities vo =v, = 0 g ® C
.

.

Ty

‘-

W
N '

LN
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K .}-u‘ R P

N W 4
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Table III

Parameters of the run shown in Fig. 7.

Torus Major Radius ro(Cm)

Winding Minor Radius o (cm)

Toroidal Chamber Minor Radius a(cm)

1

a=21/L (cm )

Field Strength Factor £e
Winding Current I (kA)

g
Additional Toroidal Field
Betatron Field Bzo(G)
Ext. Field Index
Initial v

Initial Positions

Initial Velocities

v = v
0 P 0, v

ex
Bs (xG)

p=d=38

S

27
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= 100
= 12
= 10
= 0.1
=~ 0.4
=—124.7
= 2
--56
= 118
= 0.5
= 7.0
=0
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Table IV

Parameters of the run shown in Fig. 8.

Torus Major Radius ro(cm)
Winding Minor Radius po(cm)
Torodial Chamber Minor Radius a(cm)

1

a=2n/L (em )

Field Strength Factor €
Winding Current I (kA)

e
Additional Torodial Field B (kG)

Betatron Field Bzo(G)

Ext. Field Index n
Initial v

Initial Positions p=6o6=35
Initial Velocities vo =V, = o,

v
]
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Table V

Roots of inequality (57) as given by Eq. (58), when

Oq ,uw
[ -] > o] -

‘Q—: - o 2
+ + both negative i
:
- - both positive ?
- + both positive ?
+ - both negative
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1.0 -800
0.5¢
— =1600}
© e
~ 0 n
= m
-2600F
-0.5p
-1.0 L -3600 -
o ] 10 o S 10
p (cm) p (cm)
o /Toroidcl Correction
Torsatron Field Components
8 -800} ¢ =6 = O
g
= 1800
-2200 L
o L] 10

p (cm)
(a)

Fig. 3 — Torsatron magnetic field components (a) at & = s = O and (b) ats = 0, ¢ = #/2. In
addition to the torsatron field there is toroidal field B = —6 kG that is produced by a set of toroidal
coils. (c) magnetic field lines in r, z and p, s planes.
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1200
—_ Torsatron Field Components
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o $ = 90°
4004
o L
o 8 10

p(cm)
(b)
Fig. 3 (Cont’d) — Torsatron magnetic field components (a) at ¢ = s = 0 and (b) ats = 0, ¢ = /2.

In addition to the torsatron field there is toroidal field B = —6 kG that is produced by a set of
toroidal coils. (c) magnetic field lines in r, z and p, s planes.
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Poloidal Stream Lines of B Field
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Stream Lines of B Down The Tube
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N 0 Is 30 Pry 60
s{cm)

Fig. 3 (Cont’d) — Torsatron magnetic field components (a) at ¢ = s = 0 and (b) ats = 0, ¢ = /2.
In addition to the torsatron field there is toroidal field B = —6 kG that is produced by a set of
toroidal coils. (c) magnetic field lines in r, z and p, s planes.
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Major Axis

Top View

Fig. 5 — Top view of the torus. The accelerating field is limited to
=+ 30cm around the gap.
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Particle Orbit in The Transverse Plane
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Fig. 6 — (a) y of particle as a function of time and (b) particle orbit in the r, z plane in the absence
(e, = 0) of torsatron field. The various parameters for this run are listed in Table II.




Py

16
: ' 30}
k4
1 9
s
- 24l
- <
o >3
< =
<
(L]
! 18
= 12}
' R
LY
’ 6 L 1 1 1 L 1 1 y
[¢] 20 40 60 80 100 120 140 160 180
Time (nsec)
~ (a)
®
Particle Orbit in The Transverse Plane ]
. 10 - ‘ ————
- ) |
{ ~1 |
@) ; {
b :
] ]
: ;
1 \
) 1
i . 1
-10 - | 1 . " Il P
- 90 95 100 105 1o 4
[ ) r (cm)
(b)
Fig. 7 — (a) y of particle as a function of time and (b) particle orbit in the r, z plane for moderate
7 (e, = —0.4) torsatron field. The various parameters for this run are listed in Table III.
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= Fig. 8 — (a) y of particle as a function of time and (b) particle orbit in the r, z plane for high
[ ] (e, = —0.8) torsatron field. The various parameters for this run are listed in Table IV.
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- Fig. 9 — (a) v of particle as a function of time and (b) particle orbit in the r, z plane for ]
-‘_'f-: the same parameters as Figure 8 except at a higher betatron field.
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Fig. 10 — (a) Particle orbit in the r, z plane; (b) particle radius as a function of time and (c) y of
particle as a function of time. These results have been obtained from the linear equations (36) and
(37). The results shown are in the Lab. frame. The various parameters for this run are the same with
those of Figure 8.
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Fig. 10 (Cont’d) — (a) Particle orbit in the r, z plane; (b) particle radius as a function of time and (c)
& vy of particle as a function of time. These results have been obtained from the linear equations (36) and
. ? (37). The results shown are in the Lab. frame. The various parameters for this run are the same with
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e Fig. 12 — Particle orbit in the r, z plane for the same parameters q
p as those in Figure 1la. §




z (cm)

10

T W T RE LT Tt e L T

c2 2 EEERAA SR

Fig. 13 — Particle orbit in the r, z plane for the same parameters
as those in Figure 11b.
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Particle Orbit in The Transverse Plane
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: Fig. 14 — Particle orbit in the r, z plane for an initially mismatched beam and y = 0. The particle
: rotated around the equilibrium position four times with a period of 60 nsec. The theory [Equation
,. (43)] predicts a period of 62 nsec and the nonlinear equations give similar orbits with a period of about

55 nsec.
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